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PURPOSE
We will implement two methods for calculating a GPS device’s position based on hypothetical data received from four different satellites.  

The GPS device is able to calculate its approximate distance from all four satellites by comparing the time at which a signal is sent from a satellite to the time at which it arrives at the device.  Ideally, we can imagine a sphere around each satellite with a radius equal to that satellite’s distance to our GPS device.  The intersection of all of these spheres will then give us several possiblities for the device’s position.  However, some error is introduced both by the inaccuracy of the GPS device’s clock and by our estimation of the speed of the signal’s propagation which does not allow for such a clean intersection to take place.

Our goal is to use the Steepest Descent and the Gauss-Newton algorithms to solve this ill-posed inverse problem allowing us to estimate the device’s position with high accuracy. 

PROCEDURE

1. Linearize the pseudorange equation and express in matrix form.

2. Develop equations for the Steepest Descent and Gauss-Newton algorithms.

3. Create synthetic data sets with different noise distributions.

4. Using the Steepest Descent equations formulated in step 2, estimate the position vector iteratively using the various data sets created in step 3.

5. Repeat previous step using the Gauss-Newton method.  Compare the position errors found in this method to the expected errors given by the variance matrix.

6. Compare the two algorithms and discuss.

DISCUSSION

Linearization:

We expect that our incoming GPS signal has some amount of Gaussian noise and that our imperfect clock gives us some amount of bias.  Therefore, the measurement vectors that our device receives from a given satellite, l, can be converted to range measurements and can be modeled as 

yl = Rl(S) + b + , 

where S is our current true position, Rl is a non-linear function that gives the true distance to a given satellite, b represents our error due to clock bias in units of distance, and  reflects the atmosphere’s effect on the speed of signal propagation as well as other possible noise sources, also in units of distance.

If we let S = S0+S, where S0 is a nominal receiver location, the Taylor series expansion of Rl(S) is 
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If we ignore the second and higher order terms, we have
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If we let X = [x y z b]T, we can write all four pseudorange equations in matrix form:
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X represents the change in our position and bias with respect to S0, the position vector about which we linearized the range calculation, and with respect to its corresponding bias, b0.  
[image: image8.wmf]D

Y is then the change in our pseudoranges as we move from S0 and b0 to the current position and bias.  We can then calculate the current pseudoranges by adding this 
[image: image9.wmf]D

Y to the pseudoranges calculated at S0 with bias b0.

Discarding higher order terms in the Taylor series expansion will introduce some amount of error in our calculation.  We expect that the farther we move from the original position, S0, the more error we will introduce to our pseudorange calculations.  We also expect that the larger our range is from each satellite, the more accurate our pseudorange calculations will be.  This is because as the distance to a satellite approaches infinity, the distances to a point S0 and a point S0+
[image: image10.wmf]D

S will approach equality for some finite 
[image: image11.wmf]D

S.

Steepest Descent algorithm:

We know that the gradient of a function points in the direction of the maximum increase of that function.  In the Steepest Descent method, we minimize the loss function by iteratively incrementing our position and bias data in the direction opposite of the loss function gradient.  We choose our increments to be small enough that our linearization remains valid for each iteration.

The loss is a function of our vector X = [x y z b]T and is given by the equation 



[image: image12.wmf]2

||

)

(

||

2

1

)

(

W

X

h

Y

X

l

-

=

.  

Calculating the gradient of the loss function yields 



[image: image13.wmf]))

(

(

))

(

(

)

(

X

h

Y

W

H

X

h

Y

W

X

X

h

T

T

-

-

=

-

÷

ø

ö

ç

è

æ

¶

¶

-

.  

Therefore, our update equation is:

 Xk = Xk-1 + HT(Y-h(Xk-1)), 

where we have assumed the standard inner product.  The vector Y consists of the four measured ranges to the satellites, h(X) is a vector containing the four measurement ranges we expect to receive based on our current estimate of X,  and H is the Jacobian matrix calculated about our current estimate of X.

We will use a small step size,  = .01. Although we expect that moving X in the opposite direction of the gradient will lower our error, we do not necessarily expect X to move directly toward its optimal value.  We therefore must take small steps and allow the gradient to adjust repeatedly until we arrive at our final X.  This small step size prevents some amount of overshoot and will allow our method to converge more accurately than a larger  at the cost of a larger number of iterations.

The iterations will be terminated once the previous ten loss calculations span no more than 1E8.  At this point, we say that the method has converged.

Gauss Descent:

Using Taylor series expansion and ignoring higher order terms, we can estimate our error at some vector X = X0 + X, as 

e(X) = Y-h(X0)-HX = Y - HX, 

where H is the Jacobian calculated about the vector X0.  Our loss function is then calculated as 
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and so it suffices to solve the linear inverse problem Y=X to minimize the loss.  Our function is one-to-one and square, so we can solve the inverse problem exactly as 

X = -1Y.

We therefore have


X= H-1Y = H-1(Y-h(X0)).

Our update equation is

Xk = Xk-1 + H-1(Y-h(Xk)), 

where Y and h(X) are, again, the measured and calculated ranges, respectively.  

In this case, we choose  to be 1.  We can confidently say that this method will not overshoot, so it is not necessary to take cautious small steps.  We do expect, however, that more than one iteration may be necessary as this update equation is still dependent on a linearization which is not completely accurate.

For consistency, we will use the same termination criterion as before.

RESULTS:

Steepest Descent

The following graphs show the loss error, position error (estimated position relative to true position), and bias error as a function of the iteration step.  

Our position vector is originally in units of ER.  To change the units to meters, we simply multiply by 6.37E8 m/ER.  Our bias term is in units of ER as well.  We therefore convert this to meters and then divide by the speed of the signal's propagation (the speed of light).

Although the Steepest Descent technique took a different number of iterations to converge each time, the following plots all display the first 10,000 iterations so that a visual comparison can be easily made.

Data with no noise
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Loss: 

2.313E-10

Position error: 
.0128 m

Bias error:
2.493E-8 s

Total iterations: 48,100

Noisy data with  = .004

Using 1 measurement vector:
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Loss: 

2.127E-10

Position error: 
341.99 km

Bias error:
7.3 ms

Total iterations: 45,700

Using 4 measurement vectors:
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Loss: 

.0027

Position error: 
323.2 km

Bias error:
7.7 ms

Total iterations: 13,000

Using 16 measurement vectors:
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Loss: 

.0034

Position error: 
198.9 km

Bias error:
4.7 ms

Total iterations: 38,000

Using 256 measurement vectors:
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Loss: 

.0053

Position error: 
27.9 km

Bias error:
.568 ms

Total iterations: 11,000

Noisy data with  = .0004

Using 1 measurement vector:
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Loss: 

5.25E-7

Position error: 
54.16 km

Bias error:
.50035 ms

Total iterations: 435,700

Using 4 measurement vectors:
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Loss: 

4.164E-4

Position error: 
.458 km

Bias error:
.26 s

Total iterations: 112,100

Using 16 measurement vectors:
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Loss: 

3.746E-4

Position error: 
937 km

Bias error:
1.967 s

Total iterations: 30,500

Using 256 measurement vectors:
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Loss: 

4.748E4

Position error: 
1.04 km

Bias error:
12.0 s

Total iterations: 3,400

We conclude from the first plot that this algorithm functions properly.  The Steepest Descent method was able to function very well in the case where no noise was present.  The errors were driven down to an almost negligible amount, as we had hoped.  We saw a marked increase in error when Gaussian noise is added to the measurement data, as is expected

The above data shows some interesting inconsistencies.  When observing the noisy data, we expect to see the overall effect of the noise decrease as the number of measurements increase because the noise has mean 0.  This is essentially true in the case where the standard deviation of the noise is .0004.  However, when the standard deviation was increased, we see that this is not the case.  This may be because, while the noise we add has a high probability of having zero mean, it is still random and may only approach zero mean as the number of data samples approaches infinity.  This may also show that the Steepest Descent algorithm does not completely estimate the output based on an effective average of the inputs, though it is evident that it comes close to doing so.

Gauss-Newton method:

The following is the data obtained from the Gauss-Newton method.  The total iterations stated is the iteration step at which the method has converged.

No Noise
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Loss:

0

Position error:
1.31E-8 m

Bias error:
2.03E-16 s

Total iterations: 4

Noisy data with  = .004

Using 1 measurement vector:
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Loss: 

3.14E-16

Position error:
315.2 km

Bias error:
7.8 ms

Total iterations: 4

Expected error standard deviations:

Position:
254.5 km

Bias:

10.6 ms

Using 4 measurement vectors:
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Loss:

.0055

Position error:
99.7 km

Bias error:
.60 ms

Total iterations: 2

Expected error standard deviations:

Position:
130.6 km

Bias:

5.5 ms

Using 16 measurement vectors:
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Loss:

.0021

Position error:
33.2 km

Bias error:
.6 ms

Iteration number: 1

Expected error standard deviations:

Position:
65.5 km

Bias:

2.8 ms

Using 256 measurement vectors:
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Loss:

.0023

Position error:
68.5 km

Bias error:
16.9 ms

Iteration number: 1

Expected error standard deviations:

Position:
16.28 km

Bias:

.69 ms

Noisy data with  = .0004

Using 1 measurement vector:
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Loss:

4.96E-16

Position error:
88.3 km

Bias error:
.92 ms

Iteration number: 1

Expected error standard deviations:

Position:
26 km

Bias:

1.1 ms

Using 4 measurement vectors:
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Loss:

6.12E-4

Position error:
48.8 km

Bias error:
1.2 ms

Iteration number: 1

Expected error standard deviations:

Position:
12.9 km

Bias:

.55 ms

Using 16 measurement vectors:
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Loss:

6.37E-4

Position error:
36.7 km

Bias error:
.84 ms

Iteration number: 1

Expected error standard deviations:

Position:
6.46 km

Bias:

.27 ms

Using 256 measurement vectors:

Loss:

4.29E-4

Position error:
18.1 km

Bias error:
2.13 s

Iteration number: 1

Expected error standard deviations:

Position:
1.62 km

Bias:

68.3 s

We can clearly see that the Gauss-Newton method for finding an optimal X is far more well-behaved than the Steepest Descent algorithm.   The plots show that most of the calculations converge in a single step and that the loss function is consistently closer to zero than in the Steepest Descent case.

For most of the datasets, the calculated standard deviation of the errors is a good approximation of the order and range of the true errors found.  Though there are several cases where our error lies outside this standard deviation, it is apparent that the calculations do yield reasonable and practical results.

In both the steepest descent and the Gauss-Newton method, we observe that, while the loss consistently decreases, our bias error and position error do not necessarily due so.  This is a result of the basic goal of the two methods.  Both methods are concerned only with decreasing the loss function, not necessarily with decreasing both the bias and the position errors.  It may very well that a sacrifice has to be made in the accuracy of the bias to make the position data more accurate and vice versa.

CONCLUSION
We have implemented two algorithms for finding an optimal solution to an ill-posed problem.  We began with four unknown components, the position coordinates and the bias, and used data from four satellites to create an accurate estimate.  We saw that both the Steepest Descent and the Gauss-Newton methods were able to greatly reduce the error in our initial position, though we saw that the Gauss-Newton was a far quicker and more accurate method, though more computationally complex.
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